Unfolding of a bistable tape spring: analogy with a

regularized bistable Ericksen bar

Stéphane Bourgeois!, Nicolas Favrie?, Bruno Lombard!

1 Laboratoire de Mécanique et d’Acoustique, Marseille, France

2 Institut Universitaire des Systemes Thermiques Industriels, Marseille, France

November 12, 2020



Dynamics of a bistable tape spring

@ long fiber composite tape, with 2 stable equilibrium positions:
v unrolled (curved cross section)

v coiled (flat cross section)

@ slow variation of the boundary conditions:
v fast deployment of the tape

v 3 zones: unfolded / transition area / coiled up

v VN



@ many models: 3D, shells, flexible section beams
< Picault-Bourgeois-Cochelin-Guinot (2016): 7 dof (3D)
< Guinot-Bourgeois-Cochelin-Blanchard (2012): 4 dof (tension, plane flexion)

< Martin-Bourgeois-Cochelin-Guinot (2020): 2 dof (pure flexion 6 and 3)
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@ statics: analogy with a regularized Ericksen bar
longitudinal curvature — strain
v local non-convexity of energy: formation of folds
v regularization: transition zones, finite number of folds

v higher-order boundary conditions: variation of the cross-section shape



Objective of the study

@ a step further for the analogy tape spring / Ericksen bar
v introduction of dynamics and bistability

v elementary model: 1 dof

@ capture the main features observed
v switching from one stable state to another via a boundary condition

v propagation of a transition zone at constant speed (travelling wave)



Sketch of the study

@ bistable regularized Ericksen bar

Lagrangian, PDE, exact solution (kink wave)

@ augmented Lagrangian
PDE, boundary conditions, hyperbolic system

© numerical experiments

variable boundary conditions, properties of the front

@ conclusion and prospects
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Bistable regularized Ericksen bar



Original Lagrangian

@ displacement u, velocity v = O;u, strain € = 0z u
kinetic energy T, potential energy V, Lagrangian £
T-= g (Biu)?,  V=W(e)+ % (0:8)%,  L=T-V

@ Ericksen energy: w’ "up-down-up”
W(e) = a2 2 +azed + ag et
@ properties:
v W concave on Jei, ez

v/ W' =0 at 3 equilibrium points: 0 (stable) < € (unstable) < &3 (stable)
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Evolution equations

@ Euler-Lagrange

6,56—817} =0
pOtv —Ozo =0, o= W,(s)fozains

d
@ energy balance: s E=P

Lip a
5:[0 (§v2+W(5)+5(3z6)2)) do, P=[vo+adedmell

@ admissible boundary conditions:
v(0,t) =0
0:¢(0,t) =0
e(L,t) = fo(¢)
o(L,t)=0

d
v steady forcing f: = i =0



Exact solution

@ dimensional analysis V o< /%, D o< | /%
(2

@ travelling wave €(§), with =z — Vi

. as
@ kink wave between 2 statesey =0<eg = ———
2 a4
2 a? €
'3 B
V=al-(a-—| e(€) =
p 4ay 2ay
l+explepy/ —¢&
«
— alpha=1E-4
---- alpha=1E-3
alpha = 1E-2
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Dispersive system

@ 15 order in time

/U +0,f(U)=Sd2,,

U() f<U>=(;;;’(s>)’ Sz(—oag)

@ eigenvalues of the Jacobian A = 68%

A2 W (e)

p

@ celeg,ex[= W”(a) < 0: imaginary sound speed
X not well-posed on [e1, 2]

X inversion of an elliptic operator at each time step
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Augmented Lagrangian for a bistable

Ericksen bar
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Augmented Lagrangian

@ original Lagrangian £ (reminder): kinetic energy 7, potential energy V
_Pr 2 _ @ 2 _
T—E(atu), V—W(s)+5(<9z5) , L=T-V
@ augmented Lagrangian L.: variable 7, kinetic energy 7., potential energy Ve
B e A
To= L@+ S 0m? Ve WS @) 0 Le=TeVe

@ parameters:
micro-inertia 3 ~ equation for n (e.g. : Poisson effect)
penalization A ~ real sound speed (hyperbolicity)

@ property (to be proven):
Vn=e+OMN ) +0O(B"), n=0
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Evolution equations

@ Euler-Lagrange: w =0im, p =0zn
Oe —0zv=0

on=w

Op—0zw=0

BOtw -0z (ap) =A(e-n)

d
@ energy balance: pn Ee =Pe

L B A
8e:f0 (Bv2+‘5w2+ W(a)+%p2+5(a—n)2) dz,

2
@ admissible boundary conditions:
v(0,t) =0
p(0,t) =0

n(L, t) = fn (%)
e(L,t) = s (A (1)) = J (1)

d
v/ steady forcing f;, = = Ee=0

pOtv —Ozoe =0, Oe = W’(€)+/\(sfr])

Pe=[vae+apw]£
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Hyperbolic system

@ 1%t order in space and time

8; U, +0xf:(U.) =S, U,

1 «@ T
U =(c,v,m,p,w)", f(U.)= (—v,—zoe(s,n),O,—w,—E p)

of.
oU,

e Y
N

celer,ea] = 0< W (e) 2 W, =-25/12

in

@ sound speed: eigenvalues Aff) of the Jacobian A, =

A > Amin = 25/12 = unconditional hyperbolicity

@ standard numerical methods for hyperbolic systems with relaxation
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Numerical experiments
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Variable boundary conditions

v n(L,t) = ag g(t) with g decreasing quasi-statically

v propagation of a front: D increase with «

0
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v simulation (augmented Lagrangian) vs kink wave (original Lagrangian)

eps

v velocity (measured and exact): V =0.5 m.s™! depends only on the energy

v dimensional analysis and kink wave: D o \/a
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Influence of dissipation

@ original Lagrangian: Kelvin-Voigt, i dynamic viscosity
POtV — By = 102w
@ augmented Lagrangian: relaxation term
BOtw -0z (ap)=Ae-n)-pw
@ dimensional analysis

Vb, |, /8 Y

)
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Conclusion and prospects
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@ regularized bistable Ericksen bar (1 dof): "up-down-up” energy + ad?,u
v existence of kink waves
v boundary conditions: switch between two stable equilibria
v efficient numerical strategy (augmented Lagrangian)

< Bourgeois-Favrie-Lombard, 1JSS (2020), to appear

@ future directions:
v mathematical analysis (2 Duchéne, Nonlinearity 2019)
v 2D and finite-strain

v design of innovative deployable structures (nonlinear metamaterials)

Thanks for your attention!
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Original Lagrangian: dispersion analysis

@ linearization e =2+ (€, with £€=¢ et(@i=kr) and 0 < ¢ < 1: dispersion relation

W+ ak? k | W+ ak?
w(k) = k| Ok k= 9B T
p k p

@ Zéley,eof: w” >0

v Vk: propagation
@ Zeler,e2]: w"” < 0 = critical wavenumber k. = \/m
v k> k.: propagation
X k < k¢: stabilisation with 2 possibilities
(i) exponential growth of & ~ € ¢ [e1,e2]

(i) increase of k ~ k > ke
w" <o w" =0 w" >0

K(tim) k(1) k(i) 22



Approach: augmented Lagrangian method

@ principle: introduction of penalized auxiliary variables in the Lagrangian
v real sound speed (unconditional hyperbolicity)
v large penalization: augmented Lagrangian — original Lagrangian
v similar dispersion properties
@ recent works :
< Favrie-Gavrilyuk (Nonlinearity 2017): Serre-Green-Naghdi
< Dhaouadi-Favrie-Gavrilyuk (SAP 2019): non-linear Schrédinger

< Duchéne (Nonlinearity 2019): mathematical analysis
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Augmented Lagrangian: toy-model

@ original Lagrangian: £ 1(d3”)2 Cal
original Lagrangian: L=—-{—) - —
& grane 2 \dt 2
Euler-Lagrange

d?z

-5 +z=0

dt d = z(t) = Acost+ Bsint

z
z(0)=A, —(0)=B
(0) )
dye

1
@ Augmented Lagrangian : L. = 5(

Euler-Lagrange

d2
dty; +0’ye =0, ze=wye .
d .
ze(0) = A, LZE (0)=B = ze(t):Acosthr; sinwt
w? = A

1
@ error of model: |z(t) — ze(t,\)| = O(X)
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gmented Lagrangian: dispersion analysis

cp

@ quartic equation: 4 solutions +w*

@ properties:

Agw* + B(k,e)w? + C(k,w) =0

i(k)fm + fast =5l
c == 1 ¢, fast wave, ¢, slow wave

v fast wave = spurious wave (acoustic)

_ i .
p eR si

1
¢y €RY VE>0, c;(k)SE_)_HX)

v slow wave = physical wave

W >0o0uk>kf
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Numerical methods

@ nonlinear hyperbolic system with linear source term

0
Q0.+ 25U,y -s.U.
oz

ot
standard approach: Strang splitting (propagation and relaxation)
7] 0
EUC"’%fe(Ue):O (HP)
7]
EUC :Se Ue (Hl)
@ propagation step: finite-volume scheme with flux limiters
At Az
UMl =U?- == (Fiy10-Fi1s2), At <
I3 4 AIE( i+1/2 i 1/2) oo
boundary conditions: ghost cells (& LeVeque 2002)
e(0,t) =0 - el =+e]

v(0,8) = fu(t) = v =2fu(tn) - v

@ relaxation setp : exact solution
H, (7) U; =exp(S.7) U;



Choice of parameters 5 - 0 and A - +o0

v hyperbolicity: A > Apin = 25/12

” ..
v W  <0: critical wavenumber
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Riemann problem

v discontinuous initial data (e1,0), with smooth transition

initial data e =6> 58 eL = sg
6 4
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eps

@ 2critéria: I'(B) > 1, A> A

X criteria not satisfied (8 = 1073 left, X = 5 right) ~ non-convergence

v criteria satisfied (other curves) ~ convergence towards the reference solution

[ variable et A = 100

X variable et 3 =107°
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@ reference solution: no influence of meshing or (8, \)

20



	Bistable regularized Ericksen bar
	Augmented Lagrangian for a bistable Ericksen bar
	Numerical experiments
	Conclusion and prospects
	Appendix

